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We investigate the superspin-glass behavior of a concentrated assembly of interacting maghemite nanopar-
ticles and compare it to that of canonical atomic spin-glass systems. ac versus temperature and frequency
measurements show evidence of a superspin-glass transition taking place at low temperature. In order to fully
characterize the superspin-glass phase, the aging behavior of both the thermoremanent magnetization and ac
susceptibility has been investigated. It is shown that the scaling laws obeyed by superspin glasses and atomic
spin glasses are essentially the same after subtraction of a superparamagnetic contribution from the superspin-
glass response functions. Finally, we discuss a possible origin of this superparamagnetic contribution in terms
of dilute spin-glass models.
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I. INTRODUCTION

Magnetic nanoparticle assemblies have attracted much at-
tention over the last decade as promising media for high-
density magnetic recording.1 For such applications, suffi-
ciently large nanoparticles must be used to avoid spurious
thermal relaxations of the magnetic moments, on which one
wants to record the bits of information �a problem known as
the “superparamagnetic limit”2 in the field of magnetic re-
cording�, and to avoid complex effects due to disordered
surface spins.3,4 Furthermore, concentrated assemblies of in-
dividually responding magnetic entities are required. This
last requirement is difficult to satisfy as interparticle dipole-
dipole interactions are strongly enhanced by both an increase
in the size of the magnetic nanoparticles and an increase in
their concentration.5 At the present stage, a better under-
standing of the collective behavior of concentrated assem-
blies of magnetic nanoparticles is thus needed in order to
address this problem.

Many studies in the past decades �Refs. 6–8 and refer-
ences therein; for a review, see Ref. 9� have shown that in-
creasing the nanoparticle concentration in magnetic nanopar-
ticle assemblies yields a transition from a superparamagnetic
state to a disordered collective state.10 This state was called a
superspin-glass state by analogy with the disordered and
frustrated magnetic state observed at low temperatures in
spin-glass materials.11 Characteristic features of spin glasses
such as a strong enhancement of magnetic nonlinearities12–14

as well as dynamic scaling behavior15–17 with reasonable val-
ues of the critical exponents have been observed close to the
superspin-glass transition temperature for a variety of nano-
particle systems. Dynamical studies7 have revealed the exis-
tence of slow dynamics and aging in the superspin-glass
phase while more sophisticated protocols18–24 have been
used to illustrate the history-dependent nature of these slow
dynamics.25

Despite the observed qualitative similarities, superspin
glasses differ from canonical atomic spin glasses in several
aspects. First, the interacting magnetic moments have very
different amplitudes ��102–104��B for strongly coupled spins

in a single-domain magnetic nanoparticle compared to a few
�B for an atomic spin� and the nature and range of their
interactions are different �anisotropic and long-range dipole-
dipole interactions for magnetic nanoparticles versus shorter-
ranged exchange or longer-range RKKY interactions for
atomic spins�. Additionally the characteristic time of the
spin-flip mechanism is very short ��10−12 s� and nearly
temperature independent in atomic spin glasses while it is
much longer in superspin glasses, thermally activated, and
thus exponentially dependent on the ratio of the magnetic
anisotropy energy Ea to the thermal energy kBT.

In this paper, we investigate the scaling behavior of the
response functions of a superspin glass. Our main goal is to
assess to what extent the scaling behavior observed in atomic
spin glasses can be extended qualitatively and quantitatively
to strongly interacting magnetic nanoparticle assemblies. The
sample studied here is a frozen concentrated ferrofluid made
of �-Fe2O3 �maghemite� nanoparticles dispersed in water.
We report observations which strongly suggest a transition
toward a superspin-glass state at low temperature as can be
expected in such systems. We then investigate and quantita-
tively compare the aging and scaling behavior of the re-
sponse functions in the superspin-glass state to that of atomic
spin glasses.

The paper is organized as follows. In Sec. II we give
details of the preparation and the basic characterization of
the sample, in particular the experimental procedures used to
probe the low-temperature superspin-glass transition and the
scaling behavior of the response functions in the superspin-
glass phase. To allow comparisons with atomic spin glasses
we also give a short introduction to the scaling laws obeyed
by the response functions of atomic spin glasses. Section III
is devoted to a presentation of our experimental results, first
on the superspin-glass transition and then on the scaling be-
havior of the response functions in the aging regime. Finally,
in Sec. IV we propose scaling laws that allow a consistent
description of both dc and ac response functions and discuss
their connection with theoretical results originally obtained
in the context of dilute atomic spin glasses.
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II. EXPERIMENT

A. Sample preparation and characterization

The samples used for this study are well-defined and well-
controlled magnetic colloidal dispersions of �-Fe2O3 nano-
particles in water. In concentrated dispersions of this type,
the interparticle magnetic interactions are high enough to
obtain a glassy state at low temperatures while controlling
the dispersion of the nanoparticles as well as the global in-
teractions. The �-Fe2O3 nanoparticles are chemically synthe-
sized in water as described in Ref. 26. Their surface is coated
with citrate molecules, which ensure a negative superficial
charge at pH 7. Consequently, the particles can be dispersed
in water at pH 7 due to an electrostatic interparticle repulsion
that counterbalances the attractive interactions between
particles.27 Each particle is a nanometric monocrystal and a
magnetic monodomain because the size of the particles is
small enough to prevent the formation of Bloch walls. Thus
each particle bears a permanent magnetic moment �=msV,
where ms is the particle magnetization �3.1�105 A /m� and
V is the particle volume28 giving a typical particle magnetic
moment of approximately �1.1�104��B. At low volume
fraction of magnetic nanoparticles, the dispersions are super-
paramagnetic at room temperature with a magnetization
curve following a Langevin formalism. The strong depen-
dence of the magnetization on the size of the particles allows
the characteristics of the size distribution to be determined.
This distribution is well described by a log-normal law, char-
acterized by a mean diameter d0 �ln d0= �ln d�� and a poly-
dispersity index �d, obtained from a two-parameter fit of the
experimental curves at room temperature measured at low
volume fraction ���10−2%�.29 The sample used here is
characterized by d0=8.6 nm and �d=0.25.

In order to obtain superspin glasses, the dispersions must
be concentrated. This is achieved using osmotic compression
with a defined salt concentration.30 At the end of the process,
the volume fraction � of magnetic nanoparticles is mea-
sured. The sample used here is characterized by �=35% and
a concentration of free sodium citrate in the dispersions of
0.03 mol/liter. This sample is macroscopically solid at 300 K
�it does not flow�. As the sizes of the nanoparticles are poly-
disperse, this solid is not a crystal, but a glass. This has been
verified by small-angle neutron scattering �SANS�, which
shows that the colloid has an amorphous structure. Given the
experimental conditions, in particular the salt concentration,
the interparticle potential is globally repulsive at 300 K,
which gives a homogeneous dispersion of nanospheres with-
out aggregates, as also confirmed by SANS.31

These samples are chemically stable in time; however,
they dehydrate very quickly in air and therefore have to be
protected accordingly. The material is cut into a parallelepi-
ped �2 mm�2 mm�6 mm� of mass 59 mg and placed in
a Plexiglas cell, which is then sealed. The sample is kept
inside this cell for the whole experiment, hence preventing
water loss.

B. Experimental methods

All the measurements reported here were carried out us-
ing a commercial Cryogenics S600 superconducting quan-

tum interference device �SQUID� magnetometer in the tem-
perature range 5–250 K. In order to characterize the
superspin-glass transition we first measured the temperature
dependence of the field-cooled �FC� and zero-field-cooled
�ZFC� susceptibilities as well as that of the ac susceptibility
�in-phase and out-of-phase components� in the frequency
range 0.04–4 Hz �ac field amplitude of 0.5 Oe�. As strong
magnetic nonlinearities are expected close to a spin-glass
transition, we also measured the temperature dependence of
the dc FC and ZFC susceptibilities for increasing probing
fields in the range 0.3–60 Oe. Finally, to investigate the out-
of-equilibrium dynamics in the superspin-glass phase and
test its scaling behavior, we performed thermoremanent mag-
netization �TRM� and zero-field-cooled magnetization
�ZFCM� as well as ac susceptibility relaxation experiments
using experimental procedures widely used in spin-glass
studies32 shown and described in Fig. 1 �dc probing field of
0.5 Oe�.

C. Scaling behavior of response functions of atomic spin
glasses in the aging regime

The scaling behavior of response functions in atomic spin
glasses has been widely investigated.32 Here we only recall
some of the basic results obtained in atomic spin glasses
which will be used in the comparison of our superspin-glass
sample to atomic spin glasses.

In atomic spin glasses, the thermoremanent magnetization
following a quench in the spin-glass phase can be written on
general grounds and after a normalization to the field cooled
magnetization as a sum of a stationary equilibrium part
meq�t� and an aging part mag�t , tw�,

FIG. 1. TRM �dashed line�, ZFCM �solid line�, and ac relaxation
�dotted line� measurement protocols. In the case of TRM and
ZFCM measurements, the sample is heated to a temperature above
the spin-glass transition temperature �Tg� and subsequently cooled
to the measuring temperature �Tm� in the presence of a small exci-
tation field H �TRM� or in zero field �ZFCM�. After waiting for a
time tw, the field is, respectively, cut or applied and the relaxation of
the magnetization is measured over a time, t. In the case of ac
susceptibility relaxations, the sample is heated to a temperature
above Tg and subsequently quenched to the measuring temperature
Tm. A weak ac magnetic field is applied throughout this procedure,
and the ac susceptibility is recorded as a function of the time
elapsed since the quench.
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M

MFC
= meq�t� + mag�t,tw� = ATRM� �0

t
	�

+ f� t

tw
�	 , �1�

where t is the time elapsed since the cutting of the field, tw is
the waiting time �see Fig. 1�, �0 is a microscopic attempt
time �“spin-flip time”�, f is a scaling function, ATRM is a
prefactor, and � and � are scaling exponents. It is notewor-
thy that the aging part obeys an approximate t / tw scaling ��
is usually �1� as predicted in general theories of spin
glasses.32 More rigorously, the scaling variable which yields
the best collapse of the M /Mfc-meq curves takes the more
complicated form � / tw

� where � is an effective time, �
= tw

1−���1+ t / tw�1−�−1� / �1−��, which accounts for the evolu-
tion of the aging dynamics during the relaxation ��� t for
t� tw; see details in Ref. 32�.

According to the above and following linear response
theory, the in-phase and out-of-phase components of the ac
susceptibility after a quench in the spin-glass phase can also
be written as the sum of a stationary equilibrium part 	eq�
�
and an aging part 	ag�
 , tw�. As for the TRM, the aging part
should follow an approximate 
tw scaling and it is found that
	ag�
 , tw�=A�
tw�−b where b�0.2. A is an amplitude param-
eter which is found to be different for the in-phase and out-
of-phase components of the ac susceptibility. Focusing on
the reduced equilibrium parts, the following behavior should
be expected from �1�:

	eq� �
�
	��
 = 0�

=
	��
,tw� − 	aging� �
tw�

	��
 = 0�

= 1 − ATRMG�1 − ��cos���

2
	�
�0��, �2�

	eq� �
�
	��
 = 0�

=
	��
,tw� − 	aging� �
tw�

	��
 = 0�

= ATRMG�1 − ��sin���

2
	�
�0��, �3�

where G is the gamma function, 
 is the ac field frequency,
and � is the scaling exponent already introduced in Eq. �1�.

In all previous expressions, typical values of �0 are
�10−12 s �temperature independent� for atomic spins; as will
be discussed later, the values of �0 for superspin glasses tend
to be several orders of magnitude larger. The observed scal-
ing exponents are ��0.1 and ��0.9; these values will be
used in this paper for the comparison of superspin-glass be-
havior and atomic spin-glass behavior.

III. RESULTS

A. Evidence of a superspin-glass transition

1. Susceptibility versus temperature measurements

Figure 2 shows the temperature dependence of the FC and
ZFC dc susceptibilities as well as that of the in-phase �	��
and out-of-phase �	�� ac susceptibilities. The dc FC and ZFC
curves show typical Curie-Weiss behavior at high tempera-
ture. Below Tg�=100 K�, however, the FC susceptibility re-
mains almost constant with temperature; close examination

of the curve reveals a slight decrease below Tg which is
characteristic of a spin glass11 and has also been observed for
superspin glasses.5 The ZFC susceptibility exhibits a pro-
nounced peak at Tg before decreasing with decreasing tem-
perature, a feature also consistent with spin-glass behavior.11

We emphasize that the behavior observed here in this con-
centrated sample is significantly different from that observed
in a more dilute ��=10−2%� system of the same particles.33

In the dilute sample a peak is still observed in the ZFC
susceptibility, but at a lower temperature �Tg=67 K�, and the
FC susceptibility increases with decreasing temperature be-
low Tg, a feature which is characteristic of the progressive
freezing of nearly noninteracting superparamagnetic par-
ticles.

Assuming that interparticle interaction is negligible in the
dilute sample, we can estimate the barrier energy Ea from
�=�0 expEa/kBT where �0 is 10−9 s. This gives Ea=1695kB
=2.3�10−20 J. This determination of the anisotropy energy
gives a value slightly higher than that obtained by direct
low-temperature measurements of the anisotropy field on
similar nanoparticles by ferromagnetic resonance.34 How-
ever, it should be taken into account that the present sample
polydispersity may increase TB significantly. The interpar-
ticle interaction energy in the concentrated ��=35%� sample
can be estimated from

Eint

kB
=Tint


�0

4�kB
�ms�.35 We find Eint


1.11�10−21 J=80 K. This is very close to the observed
freezing temperature in the concentrated sample. Previous
experiments on interacting nanoparticles have shown that
freezing due to interactions occurs at temperatures equal to
the interaction energy multiplied by a factor of the order of
1–2.5,35 in good agreement with this result.

To further illustrate the transition toward a superspin-glass
state, the ac susceptibility versus temperature measured at
five different frequencies from 0.04 to 4 Hz is shown in Fig.
2. The 	� curves resemble the dc ZFC curve with a peak at
approximately 100 K which shifts to higher temperatures
with increasing frequency. This shift in peak temperature can
be analyzed in terms of the Arrhenius law for a system of
noninteracting magnetic particles, �=�0 exp�Ea /kBT�, where

FIG. 2. FC, ZFC, and ac susceptibility vs. temperature of
�-Fe2O3, 35% in H2O. Top: FC and ZFC susceptibility and the 	�
component of the ac susceptibility measured at various frequencies.
Bottom: the 	� component of the ac susceptibility measured at vari-
ous frequencies.
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Ea is the anisotropy energy, � is the inverse of the measure-
ment frequency, and �0 is an attempt time. However, by plot-
ting 1 /Tpeak vs ln�1 /
� �not shown� we find �0=10−19 s,
which is unphysically small. This result indicates a break-
down of the Arrhenius law: the relevant activation energy
scale is here temperature dependent, which is expected for a
system of strongly interacting particles encountering a spin-
glass-like transition.36

In order to analyze these data and test the hypothesis of
the existence of a superspin-glass transition, we have scaled
our data using a critical law 
−1=���Tg�
� /Tg−1�−z
 where z
is the dynamical critical exponent, 
 the critical exponent
associated with the correlation length, and �� an attempt time
which depends on the ratio Ea /kBT, but whose temperature
variation will be neglected in the narrow temperature range
of our analysis. To constrain the analysis, we fixed Tg to the
value of the temperature at which the ZFC curve exhibits a
pronounced maximum and optimized �� and z
. We find ��

=1�10−9 s and z
=10; the results are shown in Fig. 3 in
the form of a scaling plot. This value of z
 is consistent with
that expected for an atomic spin glass11,15 and therefore
strongly supports the existence of a phase transition toward a
superspin-glass state in this concentrated sample. Interest-
ingly, the large value of z
 found here is close to values
found for Ising spin glasses and larger than those found for
Heisenberg spin glasses.37

2. Effect of the applied field: Magnetic nonlinearities

Figure 4 shows the dc susceptibility versus temperature
measured in a range of dc applied fields varying from 0.3 to
60 Oe. Increasing the applied field above 5 Oe leads to a
shift to lower temperature of the ZFC peak, accompanied by
a decrease in magnitude of the susceptibility. The same effect
is also observed in ac susceptibility curves measured in dif-
ferent applied dc fields �not shown�. This behavior is known
for atomic spin glasses38–40 where, at temperatures above Tg,
the magnetization is a function of the field: M = �	0H�
−a3�	0H�3+a5�	0H�5−¯, which gives 	=	0−a3	0

3H2

+a5	0
5H4− ¯ =	0+	nl �where 	nl denotes the nonlinear sus-

ceptibility�. For a �super�paramagnet the values of ai are in-
dependent of temperature, whereas for a spin glass, critical
behavior is observed with a power-law divergence at Tg.41

This divergence, hidden in the enhancement of 	nl observed
in this temperature region �Fig. 4�, can only be evidenced
through a careful analysis of the temperature and field de-
pendence of 	nl, which is beyond the scope of the present
paper. A similar observation is made in Ref. 12 by Sahoo et
al. who report a detailed investigation of the nonlinear sus-
ceptibility in discontinuous Co80Fe20 /Al2O3 multilayers
which supports the existence of low-temperature spin-glass
ordering. They also observed a decrease in the ZFC peak
position with increasing applied magnetic field, which, at
low field, was found to give rise to an Almeida-Thouless
line, further evidencing a spin-glass phase.

In our superspin-glass sample, the deviation from a linear
response occurs at much lower fields than in an atomic spin
glass. This discrepancy can be explained by the fact that a
typical superspin comprises �104 spins and therefore the
Zeeman coupling will be much enhanced compared to that of
an atomic spin glass.

B. Equilibrium and out-of-equilibrium dynamics and scaling
behavior

1. TRM experiments

We now focus on the slow dynamics in the superspin-
glass phase and present the results of the magnetization and
ac susceptibility relaxation experiments performed at a mea-
suring temperature Tm=0.7 Tg �70 K� and an excitation field
H=0.5 Oe. Previous investigations of atomic spin glasses28

have shown that H should remain small enough that the re-
sponse of the sample remains in the linear regime to avoid an
influence of the field on aging. This requirement is fulfilled
in the present case �see Fig. 4�.

Figure 5 shows the relaxation of the TRM, normalized to
the field-cooled magnetization �MFC� for values of tw varying
from around 1000 to 30 000 s. It can be seen that the relax-
ation depends on the value of tw as is observed for atomic
spin glasses: this illustrates the aging character of the dynam-

FIG. 3. 1 /
 versus �Tg�
�−Tg� /Tg on a log-log scale for a
concentrated ��=35%� dispersion of �-Fe2O3 nanoparticles in
water.

FIG. 4. M /H versus temperature plot of a �=35% dispersion of
�-Fe2O3 nanoparticles measured with applied fields varying from
0.3 to 60 Oe. Inset: variation of Tg with applied magnetic field.
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ics; the longer tw, the slower the relaxation, indicating a
“stiffening” of the sample response during the waiting time.

It should be noted, however, that the spacing between the
curves is not as great as is usually observed for an atomic
spin glass, nor is the inflection point in the curves as clearly
pronounced. The inflection point in the curves can be found
by differentiating M /MFC with respect to ln t �as shown in
Fig. 5�b�� and, as for an atomic spin glass, we find that
log tinfl� log tw �see Fig. 5�b�, inset�, indicating that ��1.
However, when the relaxation curves are plotted against t / tw
we do not observe an approximate scaling of the curves as
found for atomic spin glasses. In order to achieve even a very
rough scaling �as shown in the inset of Fig. 5�a�� we plotted
the TRM curves versus the scaling variable � / tw

� �see Sec. II�
with �=0.4, which is much smaller than is normally found
for atomic spin glasses �0.7–0.9� and in contradiction with
the ��1 behavior of the inflection points �Fig. 5�b��. The
“straightness” of these curves suggests that there is a signifi-
cant time-logarithmic contribution to the relaxation curves
arising from a possible “superparamagneticlike” relaxation
of some of the particles in the sample, which is to some
extent masking the spin-glass-like behavior of the sample as
a whole. The origin of this superparamagnetic behavior will
be addressed in Sec. IV.

In order to separate the superparamagnetic behavior of the
sample from the spin-glass behavior we have subtracted a
term −B ln t /�0 from the TRM curves. Following this sub-
traction �see Fig. 6�a�� the tw dependence of the TRM curves
now resembles that found for atomic spin glasses. By addi-
tionally subtracting an equilibrium part �A�t /�0�−�� as is
usual in the case of atomic spin glasses and plotting the
resulting curves as a function of the scaling variable � / tw

�, it
is possible to obtain a good scaling. This is shown in Fig.
6�b�; the value of the scaling exponent � of 0.90 and the
scaling parameters �A=0.52 and �=0.085� are within the
range of those expected for an atomic spin glass. Note that
the parameter values are additionally constrained by require-
ment of consistency with ac susceptibility measurements that
will be discussed later.

As previously suggested in Ref. 20, aging effects may in
principle arise from a TRM protocol even in simple, nonin-
teracting nanoparticle systems as during the field-cooling
procedure most of the nanoparticles are frozen in an out-of-
equilibrium state. In such a case, the initial field-cooled state
evolves during the waiting time tw, yielding an artificial tw
dependence of the response functions. In order to confirm
that the behavior we observe in our system is due to spin-
glass-like interactions between the particles and not to the
trivial nonequilibrium state of the individual particles we
have also performed ZFCM aging experiments as suggested
in Ref. 20. The advantage of using this protocol is that the

FIG. 5. �a� TRM curves recorded at 0.7 Tg normalized to the
value of the FC magnetization for a variety of waiting times, tw

�H=0.5 Oe�. The inset is a scaling plot of the same curves as a
function of the scaling variable � / tw

�, which is clearly inadequate
�see text�. �b� Relaxation rate vs time of the TRM curves shown in
�a�. The inset is a log-log plot of the inflection point time tinfl vs tw.

FIG. 6. �a� TRM curves recorded at 0.7 Tg for a variety of
different waiting times tw �H=0.5 Oe� following the subtraction of
a −B ln�t /�0� term. �b� Scaling of the TRM curves following the
subtraction of a −B ln�t /�0� term and an equilibrium part A�t /�0�−�.
�c� Scaling of ZFCM curves following addition of a-B ln�t /�0� term
and an equilibrium part A�t /�0�−�. See text for detail regarding the
scaling procedures.
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sample is in zero field during cooling and tw and therefore is
in an effective equilibrium in the absence of interactions be-
tween the particles. We have performed these ZFC relaxation
measurements at the same measuring temperature as for the
TRM, and we find that scaling of the curves can be achieved
with the same values of �, B, and �. The parameter A is
reduced from 0.52 to 0.28 �see Fig. 6�c��. The data for the
ZFCM relaxation curves are slightly noisier than in the case
of the TRM; this arises from the fact that the ZFCM curves
are recorded in the presence of a small applied field. Note
that the aging phenomenon reported in the TRM case is still
clearly present in the ZFCM protocol �with the same value of
the scaling exponent ��, which indicates that the aging phe-
nomena reported come from the superspin-glass phase.

For the sake of completeness, we should point out that,
even though the scalings reported in Figs. 6�b� and 6�c� cor-
respond to the best fits, another solution may be acceptable
in which �, A, and � are those of the TRM scaling, but B is
decreased to 4.5�10−3-significantly smaller than in the
TRM case �6.3�10−3�. We propose to discard this solution,
because more particles are ready to relax if a field is applied
in a zero-field-cooled state than in the mirror case of a field-
cooled initial state �in which, due to the finite cooling rate,
some of the particles are still frozen in a zero magnetization
state and will not relax when the field is set to zero�. There-
fore BZFCM�BTRM is unlikely. In Sec. IV A we shall discuss
the effect of the two possible values of A on the consistency
between TRM, ZFCM, and ac experiments.

2. ac susceptibility experiments

To complement the previously described dc investigation
of the out-of-equilibrium dynamics of our superspin-glass
sample we have also studied its aging behavior by ac suscep-
tibility relaxation experiments. The measurement was carried
out at Tm=0.7Tg �70 K� in frequencies ranging from 0.04 to
8 Hz. As described in Sec. II B, the sample was first cooled
from above Tg to the measuring temperature Tm and then the
susceptibility was measured over a time, tw. The ac field used
here was 0.5 Oe in all measurements to be consistent with
the TRM experiments reported above.

As explained in Sec. II, the relaxation of the ac suscepti-
bility of an atomic spin glass can be separated into two com-
ponents, as for the TRM: an equilibrium stationary part
	eq�
� and an aging part 	ag�
 , tw�, which behaves as a
power law 	ag�
 , tw�=A�
tw�−b. In order to test this expres-
sion and the subsequent 
tw scaling of the aging part of the
ac susceptibility �equivalent scaling to the approximate t / tw
scaling of the TRM� we have fitted 	�
 , tw� to 	eq�
�
+	ag�
 , tw� using 	ag�
 , tw�=A�
tw�−b and 	eq�
�, which de-
pends only on 
. The results for both 	ag�
 , tw� and 	eq�
�
and for the in-phase and out of phase components are plotted
in Fig. 7 as a function of 
tw and 
 for the aging parts and
the equilibrium parts, respectively �left and right parts of Fig.
7�. As can be seen in this scaling plot, all the relaxation
curves collapse onto a master curve A�
tw�−b with b�0.14,
close to the value 0.2 found in atomic spin glasses. The equi-
librium parts were fitted to expressions used in atomic spin-
glasses studies; 	eq� �
�=	��
=0�−Aeq.� 
� and 	eq� �
�
=Aeq.� 
�, where � is the same as in the stationary part of the

TRM. Figure 7 �right part� shows the power-law fits of the
corresponding equilibrium parts 	eq� �
� �top� and 	eq� �
�
�bottom�. We emphasize here that these fits yield values of �
significantly lower than those deduced from the TRM scal-
ing. As we will show in the following discussion �Sec. IV�,
this discrepancy can be attributed to the superparamagnetic
contribution revealed in the TRM measurements.

IV. DISCUSSION

A. Consistency between dc and ac results

In order to obtain a consistent description of the scaling
behavior of the response functions �both dc and ac� in our
superspin-glass sample and to achieve a coherent comparison
with the scaling behavior of atomic spin glasses, we now
present a more elaborate analysis of the TRM and ac suscep-
tibility results, taking into account the superparamagnetic
contribution revealed in the TRM experiments. At the end of
the analysis, we briefly consider the same question of con-
sistency with the parameters given by ZFCM scaling. Fi-
nally, we discuss possible origins of the superparamagnetic
contribution which highlight the intrinsic differences be-
tween superspin glasses and atomic spin glasses.

From the scaling procedure used in Fig. 6�b� which takes
into account a superparamagnetic contribution to the magne-
tization relaxation, the thermoremanent magnetization re-
corded in TRM experiments can alternatively be written as
�with � a numerical coefficient defined below�

M

MFC
= p� f� t

tw
�	 + A�� �0

t
	�� + �1 − p��1 − � ln�t/�0�� ,

�4�

where p denotes the fraction of the system which behaves as
a �super�spin glass �with f the aging function� and �1− p� is
the fraction of the system which behaves as a superparamag-
net. Comparing Eq. �4� with the scaling used for the TRM
curves �see Fig. 6�b��, one sees that pA�
ATRM and that

FIG. 7. Left: Scaling plot of the aging parts of the 	� �top� and
	� �bottom� relaxations measured following a quench from T0 �250
K� to Tm �70 K�. Right: power-law fit of the equilibrium part 	eq�
�top� and 	eq� vs frequency 
 �see text�.
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�1− p��
BTRM. Performing the Fourier transform of Eq. �4�
requires some precautions with respect to the superparamag-
netic term. This term is simple to Fourier transform only
when it behaves as a power law—namely, as �t /�0�−�: this is
true only when t /�0�exp�0.3 /��. With the � values in-
volved below, this condition is not met over the whole ex-
perimental scale which extends up to t /�0=1010. To over-
come this difficulty, we first note that the frequency interval
�fmin=0.04 Hz, fmax=8 Hz� of the ac experiments is quite
narrow �2.5 orders of magnitude� and we rewrite the super-
paramagnetic part of Eq. �4� as �1− p��1−� ln�tfmax��+ �1
− p�� ln��0fmax�, which, over the time interval
�1 / fmax;1 / fmin�, accurately behaves as �1− p��t /�0�−� up to
the constant term �1− p� � ln��0fmax�. This allows us to get
an explicit expression of the Fourier transform, whose valid-
ity is restricted to �fmin; fmax�, but whose precision is ensured
for the � values involved below. We obtain, for the in phase
component �with G�x� the gamma function of x�,

	� − 	aging�

	��
 = 0�
= 1 − ATRMG�1 − ��cos���

2
	�
�0��

+ �1 − p�G�1 − ��cos���

2
	� 


fmax
	�

�5�

and, for the out of phase component,

	� − 	aging�

	��
 = 0�
= ATRMG�1 − ��sin���

2
	�
�0��

+ �1 − p�G�1 − ��sin���

2
	� 


fmax
	�

. �6�

In the classic case, as discussed in Sec. II, for atomic spin
glasses, p=1. As a result, 	� as well as 	� contains only one
power-law term whose exponent is that of the equilibrium
term of TRM experiments. In our experiments, as the fre-
quency range is quite narrow �2.5 orders of magnitude� and
the exponents � and � are both small, one can fit the mea-
sured 	� and 	� by simple power laws with effective expo-
nents �eff� and �eff� :

	� − 	aging�

	��
 = 0�
= 1 − Aeff� �
�0��eff� , �7�

	� − 	aging�

	��
 = 0�
= Aeff� �
�0��eff� . �8�

From the measurements reported here we obtain �eff� =0.050
and �eff� =0.064 with Aeff� =0.33 and Aeff� =0.026; the corre-
sponding behavior must be compared with that expected
from Eqs. �5� and �6�. Considering the uncertainties existing
on some of the parameters �e.g., A, � �see below�� as well as
the fact that the value of p is not known a priori, we can
check our results only through self-consistency, with the help
of the following constraints.

�i� The scaling of the aging part of TRM experiments �see
Fig. 6�b�� can only be achieved when BTRM=6.3�10−3.
Varying B by as little as 15% strongly degrades the scaling,
whatever the values of other parameters �A ,� ,��. We thus
consider BTRM as fixed to the value given above and, since p

can be fairly well constrained a priori �see �iii� below�, � is
not a free parameter; it is fixed by �=BTRM / �1− p�.

�ii� In TRM experiments the aging part of the magnetiza-
tion, denoted by the function f , must be positive. Therefore,
from Eq. �4� and taking the scaled M /MFC value at the maxi-
mum t measured �see Fig. 6�b�� we find that �1− p��0.25,
which gives p�0.75.

�iii� From the TRM scaling and from ac measurements we
find �eff� ��TRM. Therefore, as Eq. �8� is effectively the sum
of the two terms in Eq. �6� the exponent � must be smaller
than the exponent �eff� . This gives �=BTRM / �1− p���eff� . Us-
ing BTRM=6.3�10−3 �as explained in �i�� we find p�0.90.
Therefore, p must lie in the interval �0.75; 0.90�.

�iv� The values of ATRM and � are only constrained by the
requirement of a good scaling of the aging part of magneti-
zation in TRM experiments �see Fig. 6�b��. It is found that,
once � is set, the uncertainty of A around its optimal value is
of only a few percent. Finally, the scaling in Fig. 6�b� is only
of good quality when � ranges between 0.085 �giving
ATRM=0.52� and 0.15 �giving ATRM=1.8�.

Taking into account these constraints, the best agreement
between ac experiments �Eqs. �7� and �8�� and predictions
from TRM experiments �Eqs. �5� and �6�� is obtained with
�=0.085 �ATRM=0.52�, p=0.785, and B=6.3�10−3 �we
have set �0=1 ns�. For this set of parameters, Eq. �6� �Eq.
�5�� behaves effectively as a single power law of 
 whose
exponent approaches the �eff� ��eff� � value up to within 2%
�2%�. However, the absolute value predicted for the right-
hand side of Eq. �5� is 2% smaller than that directly obtained
from ac measurements �Eq. �7��. Last, the values calculated
from Eq. �6� are 25% smaller than those measured directly
�Eq. �8��.42 The fact that the relative difference between Eqs.
�6� and �8� is 10 times larger than the corresponding differ-
ence between Eqs. �5� and �7� comes from the fact that the
out of phase response is typically 10 times smaller than the
in-phase response.

A similar analysis can be made by using the parameters of
the ZFCM scaling of Fig. 6�c�: �=0.085, AZFCM=0.28, and
B=6.3�10−3. The best result is obtained with p=0.785. In
this case the agreement on exponents is still good �between
10% and 15%�, but the fact that A is smaller than in the TRM
case degrades the agreement between the absolute values cal-
culated from Eqs. �5� and �6� and those directly measured
�Eqs. �7� and �8��. The relative difference in 1−	� is 15%
while the values calculated from Eq. �6� are twice smaller
than those directly measured.

We emphasize that the frequency-dependent part of 	�
represents only 25% of the total 	�. As a consequence, even
in the ZFCM case where the disagreement is the largest, the
discrepancy of 15% between Eqs. �7� and �5� represents less
than 4% of the total measured ac signal. As far as we under-
stand it, this 4% difference might come �i� from the fact that
the 	��
=0� value, entering in Eqs. �7� and �8�, is not di-
rectly measured, but inferred with the a priori constraints
that it must lie between the lowest 
 ac measurement and the
	FC value, or �ii� from the fact that the coil used to produce
the ac field is not the same as that used for TRM and ZFCM
experiments and hence the absolute values of fields might
slightly differ in these two cases. We finally conclude that the
overall consistency between TRM and ZFCM measurements
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and ac experiments is satisfactorily checked for the above
sets of parameters and that the extra superparamagnetic term
−B ln�t /�0� used in TRM experiments is of some importance
also in ac experiments. We emphasize that this term is not
visible when, instead of performing the full scaling of aging
TRM, one focuses on S�t�=dM�t� /d ln�t� and looks for its
maximum located at t
 tw. Therefore, the extra superpara-
magnetic term −B ln�� /�0� might exist in other systems stud-
ied previously,10,15,24 since in these works the full scaling of
aging TRMs was not carried out.

B. Physical origin of the superparamagnetic term

We will now consider the possible physical origin of the
extra superparamagnetic term B ln�t /�0� used above. One
possible idea is that, locally, the �dipolar� coupling constant
Jij between neighboring nanoparticles might significantly
fluctuate. Indeed, in our case, Jij �MiMj /rij

3 where Mi�Vi is
the magnetic moment of the nanoparticle i of volume Vi and
rij the distance between the two particles i and j. In RKKY
atomic spin glasses, it was already noticed43 that the high
dilution of magnetic atoms, combined with the Jij �1 /rij

3 be-
havior, results in a large distribution for J, decreasing at large
J’s as P�J��1 /J�1+
� �with 
=1�. The effect of such large
distributions of Jij was studied in Ref. 43, and it was found
that for 
�2 the physical behavior strongly differs from that
of “canonical” spin glasses where P�J� is a Gaussian.

In our case, we have Jij �MiMj /rij
3 but the fact that the

volume fraction of nanoparticles is very high severely limits
the fluctuations of J, since the fluctuations of rij are much
smaller than in the case of RKKY atomic spin glasses. How-
ever, the log-normal distribution of di, �the particle diameter,
with a standard deviation for ln�di� given by �d=0.25�, re-
sults in a log-normal distribution of the volumes �and conse-
quently the moments, Mi� whose standard deviation is �M
=3��d=0.75, yielding finally a log-normal distribution for J
with �J=0.75�21/2=1.06, since ln�J� is the sum of the in-
dependent Gaussian variables ln�Mi� and ln�Mj�. Thus J is
log-normally distributed and not distributed as P�J�
�1 /J�1+
� as in Ref. 43. However, the quite large value �J
=1.06 makes the distribution of J very large and not that
different from the case P�J��1 /J�1+
� with 
�2. More pre-
cisely, this log-normal distribution of J decreases with J
more slowly than 1 /J3 for J�J� with J�
17Jtyp where Jtyp
is the most probable value of J. For J�J�, P�J� decreases
more quickly than 1 /J3, which means that our case does not
fully correspond to the calculations of Ref. 43. However, the
fraction of couplings larger than J�, given by the integral of
P�J� from J� to infinity, is less than 2.5%. This is why Ref.
43 should reasonably model our sample up to a small ap-

proximation. Note finally that we have conservatively disre-
garded the �small� fluctuations of rij. However, a mere fluc-
tuation of �12% of rij around its mean value adds a further
factor of 2 on the spreading of Jij.

One important result of Ref. 43 is that for 
�2, the spin-
glass transition taking place at Tg is peculiar: due to the large
spreading of J’s �especially in the region of high J values�
the nature of the spin-glass transition changes compared to
the Gaussian case and becomes akin to a percolation transi-
tion, where only a fraction p of spins are involved in the
spin-glass state �with p= �Tg /T−1�� and �=0.5 for three-
dimensional systems�. The complementary fraction �1− p� is
made of “fast spins”—i.e., of spins not strongly enough
coupled to their neighbors �small J’s� to belong to the spin-
glass “backbone.” In atomic spin glasses, these fast spins do
not contribute to aging TRMs, but might be seen, on the
contrary, as being responsible for the “quasi-instantaneous”
decrease of MFC when the field H is cut. In our case, these
fast spins might be what we have called the “superparamag-
netic contribution” as even if it is not coupled enough to its
neighbors to contribute to aging, a magnetic nanoparticle re-
laxes logarithmically slowly toward equilibrium, due to its
anisotropy energy barrier. Finally, note that in our experi-
ment we have T /Tg=0.7, which yields a predicted value for
p= �Tg /T−1��=0.65, in reasonable agreement to that used in
the analysis of our experiments �0.75� p�0.90�.

V. CONCLUSIONS

In this paper we have studied the low-temperature
superspin-glass behavior of a concentrated frozen ferrofluid
made of �-Fe2O3 nanoparticles using SQUID magnetometry.
We have focused on the out-of-equilibrium behavior of the
superspin-glass phase by studying the aging of both the TRM
and ac susceptibility. It was found that the scaling laws nor-
mally applied to atomic spin glasses are also valid for our
superspin-glass sample, and good agreement was found be-
tween the scaling parameters for the ac and dc relaxation
curves. In order to achieve this scaling, however, it was nec-
essary to subtract a superparamagnetic contribution from the
dc and ac response functions in the form of a term
−B ln�t /�0�. We propose that this contribution, which was
found consistently in the ac and dc measurements, arises
from the large size distribution of the nanoparticles. This size
distribution in turn results in a large distribution of coupling
between neighboring particles, enabling those nanoparticles
which are only very weakly coupled to relax logarithmically.
These results strongly support the existence of “true” spin-
glass behavior in superspin glasses.
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